
Lattices and

their theta functions



Lattices

Definition : A lattice in Rd is a discrete abelian

subgroup of full rank d.

Examples :

7- CIR is a lattice ✓

It VII. CR is not a lattice ✗
71×40 } c pi is not a lattice✗



Notation : For x
, y c- Rd we denote leg ⇐ y ) the

a
standard Euclidean product Gay)= x.y.txzyz-i.it xdyd1×1=1×1-1 -
. . -1×91*2 - Euclidean length

Definition : Let JLCIRD be a lattice and let

B = { be
,

. .
.

,
led } be a 71 - basis of JL .

A Gram matrix of JL associated to B is

d.
G : = ( ( bi

, bj));j= ,
* symmetric & positive

matrix definite

Any two Gram matrices
, say G

and G;
of JL are related by :

G = UG'zE
for some U c- Ghq (⇒



Definition : Let JLCIRD be a lattice

its dual lattice

1¥ : = { m c- IRD 1 cm
,
b) c-71 for all led }

Example : JL = a. 7- for some a c- IR
.

Then JL* = Lark

Exercise :

If JL = B. Id for some matrix BEGLNCR)
Then JL* = B¥Id Notation : B-

t
= ⇐ I = 43+5

'



Definition : A lattice JLC Bit is
• integral if Cee

,
ez)eI for all %

,
hell

JL is integral ⇔ Gram matrix of X has all integer elements
JL is integral ⇔ d. CSE

• even if leite, e) c- 2K for all e c- JL

Exercise :D is even ⇔ Gram matrix of JL has all integer elements
and all its diagonal elements are even.
We call such matrices

-

even .

Example : Lattice I is integral and not even
.

Lattice 2. 7- is integral and even

• Unimodular if vole ( 112%4=1
Exercise : Let G be a Gram matrix of d. Then uol.tk/JD--detlGY?



Definition : Let JL be an even lattice
.

The level of JL is the minimal positive
integer N such that the lattice NK.AE
is even

.

Let G be a Gram matrix of JL .

G is an even matrix
,
and N is the

smallest positive integer such that

N - G
"

is an even matrix
.

Note that G-
'

has all national elements

⇒ N.ci
'
is even for some NEI

.



Definition : The theta function of a lattice JLcRᵈ is
④Nz) = I Eilert

,
z e h

.

een

The goal of our lecture is to investigate
modular properties of ④µ .

Theorem ; Let JLCR
"

be an even lattice of

level N.

Let G be a Gram matrix of A .

Then for all ( acte) c- To ( N)
⊕,d%÷%=xo(%).tw?Q-yz)Xol:k)--(FÉF I.Ietibcp.sn/dPE7I/dI"



Recall : To IN ) = { ({ E) c- Slztk) / c=o mod N}
Lemma :

If he is even then Xo : To ( N) → 41=1 }
is a group character and

a d) = {
( ¥1)

""

for c=o

✗ • (
a •

()%pd④
Legendre
symbol

for c -1-0

in the case p is an odd prime number of the

form p =-D (mode) .

We will prove this result during our next lectures



d
Definition : Let f : IR → ① be an I function .
The Fourier transform of f is

fly ) = f g- (×> e- 2mi *Y dy
Rd

Poisson summation formula:&.

Ac Rd be a lattice
Then ¥, f- (e) = we¥dIj¥*Fcm

Lemma : Let JLCIRD be a lattice
.
Then

C- izjd" ¥-⇒ = u¥µ⇒④×*(⇒



Lemma : Let JL be an even lattice
.

Then

Exercise :

(2-+1) = (z) event unimoduear

¥
Proof :( very easy) Exercise x*=jL

The easiest transformation law :

X is even and eenimodular
.

n r.

branch off # →

In this case

④
✗
C- ^⇒=ei£z§" ?⃝Nz)

?⃝
a (-2+1)

= ④
✗ (7)

Theorem :
Let JLCIR

"
be an even unimodular

lattice
.
Then d is divisible by 8 and ④

a
C- Mdk ( Tn ) .



It suffices to show that d can not

be an odd multiple of 4
.

(G)

d odd ⇒ Sloth -0×0+11 is an even unimodular

lattice in IR
"d

⇒ A can not exist by (A)

d is an odd multiple of 2 ⇒ ✗☒I cannot exist by A)

demma.im Suppose that f is a cusp form of weight
k c- 271

>☐
and group T, , and f has the

Fourier expansion
oo

fcz)= ⇐ Cgcn ) éninz

Then G- ( n ) = ② ( n'%) as h → as



Prod : Let f- c- 5
,<
(F)

.

142
Then the function / fcz> I Imcz) = :gc⇒
is t - invariant .

Moreover
, gcz ) is banded as 2- c- h

Suppose Igcz) / < C ,
2- Eh for some CEIRO

We estimate the Fourier coefficients of £ in the

following way :
iy.tl Yo > 0

C.
g- (n) =/ f- (⇒ e-

"int
dz

iy,
we choose in -11

iy.tl

Kfln> I =/ ff(⇒ éztinzdz / = { %=÷ { =/ fflz)Im(zF?Im , e- Kingz
in

in -11 iyo

⇐ f lfcz)Im(2-5%1 .hkk.LT/-eZtih-Rel2-Ydza=e.e2M.nKki1n
This finishes the proof of the lemma EA



Since Mk ( Tn ) = EEK -105k ( Tn )
,
the theta function

can be written as

④Nz) = Ed,.dz ) + fcz) for some f- c- Sd,z(F)

We know that the Fourier expansion of Ek is
as

EKCZ ) = f - ¥ 6k ,
(n) Erin

2-

Bk is negative if K is divisible by 4

and positive if K is an odd multiple of 2
.

Fourier coefficients of Ek grow at least like n
't'

If d is an odd multiple of 4
,
then some coefficients of are negative§

This finishes the proof of the theorem ☒.



The smallest dimension where an even
,
unimodular

can exist is D=8
.

Such a lattice exists
,

it is the Eg - Lattice

JL : = { ( x;) c- If u#+ t.INFO (mod 27}Eg

Exercise : • Show that JL is a
lattice

• Show that JL is even and Unimodular

Lemma : ( z ) = E4 (z) .
Es


